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Convergence Analysis for Anisotropic Monte Carlo Sampling Spectra (Singh and Jarosz, 2017)

8/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Aligning the Two Low-Energy Directions



-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

Pf (ν)

1

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS(ν)⟩
-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS(ν)⟩Pf (ν)

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

Pf (ν)

1

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS′(ν)⟩
-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS′(ν)⟩Pf (ν)

align

⇒ Existing anisotropic patterns only have two low-energy directions! E

Convergence Analysis for Anisotropic Monte Carlo Sampling Spectra (Singh and Jarosz, 2017)

8/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Aligning the Two Low-Energy Directions



-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

Pf (ν)

1

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS(ν)⟩
-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS(ν)⟩Pf (ν)

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

Pf (ν)

1

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS′(ν)⟩
-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS′(ν)⟩Pf (ν)

align

⇒ Existing anisotropic patterns only have two low-energy directions! E

Convergence Analysis for Anisotropic Monte Carlo Sampling Spectra (Singh and Jarosz, 2017)

8/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Aligning the Two Low-Energy Directions



-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

Pf (ν)

1

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS(ν)⟩
-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS(ν)⟩Pf (ν)

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

Pf (ν)

1

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS′(ν)⟩
-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1⟨PS′(ν)⟩Pf (ν)

align

⇒ Existing anisotropic patterns only have two low-energy directions! E

Convergence Analysis for Anisotropic Monte Carlo Sampling Spectra (Singh and Jarosz, 2017)

8/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Aligning the Two Low-Energy Directions



1

sp
at

ia
ld

om
ai

n

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

fre
qu

en
cy

do
m

ai
n

1

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

1

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

random

1

progressive multi-jittered (0,2) + blue noise
(pmj02bn)

-64 -48 -32 -16 0 16 32 48

-64

-48

-32

-16

0

16

32

48

1

9/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Discontinuous Integrands and Sampling Patterns



1

goals
suppress frequencies along multiple directions (stratification)
suppress low frequencies (blue noise)

optimize locations of the points

L(S) = Lspec(S) + cLSW(S)

Lspec(S)
spectrum loss
MSE between current PS(ν) and target PTARGET(ν) spectra
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MSE between current and target point locations in 1D
projections

related work: Deep Point Correlation Design (Leimkühler et al., 2019), Sliced Optimal Transport Sampling (Paulin et al., 2020)

10/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points



1 1

1

gradient descent
optimization

1 1

«converged»

PTARGET(ν)

S(x) ⟨PS(ν)⟩

goals
suppress frequencies along multiple directions (stratification)
suppress low frequencies (blue noise)

optimize locations of the points

L(S) = Lspec(S) + cLSW(S)

Lspec(S)
spectrum loss
MSE between current PS(ν) and target PTARGET(ν) spectra

LSW(S)
sliced Wasserstein loss (optimal transport)
MSE between current and target point locations in 1D
projections

related work: Deep Point Correlation Design (Leimkühler et al., 2019), Sliced Optimal Transport Sampling (Paulin et al., 2020)

10/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points



1 1

1

gradient descent
optimization

1 1

«converged»

PTARGET(ν)

S(x) ⟨PS(ν)⟩

goals
suppress frequencies along multiple directions (stratification)
suppress low frequencies (blue noise)

optimize locations of the points

L(S) = Lspec(S) + cLSW(S)

Lspec(S)
spectrum loss
MSE between current PS(ν) and target PTARGET(ν) spectra

LSW(S)
sliced Wasserstein loss (optimal transport)
MSE between current and target point locations in 1D
projections

related work: Deep Point Correlation Design (Leimkühler et al., 2019), Sliced Optimal Transport Sampling (Paulin et al., 2020)

10/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points



1 1

1

gradient descent
optimization

1 1

«converged»

PTARGET(ν)

S(x) ⟨PS(ν)⟩

goals
suppress frequencies along multiple directions (stratification)
suppress low frequencies (blue noise)

optimize locations of the points

L(S) = Lspec(S) + cLSW(S)

Lspec(S)
spectrum loss
MSE between current PS(ν) and target PTARGET(ν) spectra

LSW(S)
sliced Wasserstein loss (optimal transport)
MSE between current and target point locations in 1D
projections

related work: Deep Point Correlation Design (Leimkühler et al., 2019), Sliced Optimal Transport Sampling (Paulin et al., 2020)

10/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points



-1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768

-1024

-768

-512

-256

0

256

512

768

1

-1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768

-1024

-768

-512

-256

0

256

512

768

1

11/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of N Anisotropic Points



-1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768

-1024

-768

-512

-256

0

256

512

768

1

-1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768

-1024

-768

-512

-256

0

256

512

768

1

-1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768

-1024

-768

-512

-256

0

256

512

768

1

11/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of N Anisotropic Points



-1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768

-1024

-768

-512

-256

0

256

512

768

1

-1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768

-1024

-768

-512

-256

0

256

512

768

1

-1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768 -1024 -768 -512 -256 0 256 512 768

-1024

-768

-512

-256

0

256

512

768

1

11/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of N Anisotropic Points



1 1 1 1

-288 -216 -144 -72 0 72 144 216

-288

-216

-144

-72

0

72

144

216

1

-288 -216 -144 -72 0 72 144 216

-288

-216

-144

-72

0

72

144

216

1

-288 -216 -144 -72 0 72 144 216

-288

-216

-144

-72

0

72

144

216

1

-288 -216 -144 -72 0 72 144 216

-288

-216

-144

-72

0

72

144

216

1

12/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of N=4096 Anisotropic Points



100 101 102 103 104 105

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

4.792 · 10−7

N = 216 = 65536

6.940 · 10−9

1

N−1.5

0 1
0.0

0.2

0.4

0.6

0.8

1.0

N−1

N−1.25

N−1.5

N−1.75

N−2

random

pmj02bn

pmj02bn
(sheared)

ours
(3 dir.)

1

13/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points: Results (3 dir.)



100 101 102 103 104 105

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

4.829 · 10−7

4.792 · 10−7

N = 216 = 65536

7.300 · 10−9

6.940 · 10−9

1

N−1.5

0 1
0.0

0.2

0.4

0.6

0.8

1.0

N−1

N−1.25

N−1.5

N−1.75

N−2

random

pmj02bn

pmj02bn
(sheared)

ours
(3 dir.)

1

13/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points: Results (3 dir.)



100 101 102 103 104 105
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

4.829 · 10−7

4.792 · 10−7

1.324 · 10−7

N = 216 = 65536

7.300 · 10−9

6.940 · 10−9

1.334 · 10−9

1

N−1.5

N−1.75

0 1
0.0

0.2

0.4

0.6

0.8

1.0

N−1

N−1.25

N−1.5

N−1.75

N−2

random

pmj02bn

pmj02bn
(sheared)

ours
(3 dir.)

1

13/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points: Results (3 dir.)



100 101 102 103 104 105
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

6.547 · 10−7

4.990 · 10−7

1.777 · 10−7

N = 216 = 65536

9.695 · 10−9

6.021 · 10−9

1.734 · 10−9

1

100 101 102 103 104 105
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

6.250 · 10−7

3.496 · 10−7

2.221 · 10−7

N = 216 = 65536

7.458 · 10−9

4.445 · 10−9

1.440 · 10−9

1

0 1
0.0

0.2

0.4

0.6

0.8

1.0

N−1

N−1.25

N−1.5

N−1.75

N−2

random

pmj02bn

ours
(3 dir.)

ours
(4 dir.)

1

N−1.5

N−1.75

N−1.5

N−1.75

14/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points: Results (4 dir.)



100 101 102 103 104 105
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

6.547 · 10−7

4.990 · 10−7

1.777 · 10−7

N = 216 = 65536

9.695 · 10−9

6.021 · 10−9

1.734 · 10−9

1

100 101 102 103 104 105
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

6.250 · 10−7

3.496 · 10−7

2.221 · 10−7

N = 216 = 65536

7.458 · 10−9

4.445 · 10−9

1.440 · 10−9

1

0 1
0.0

0.2

0.4

0.6

0.8

1.0

N−1

N−1.25

N−1.5

N−1.75

N−2

random

pmj02bn

ours
(3 dir.)

ours
(4 dir.)

1

N−1.5

N−1.75

N−1.5

N−1.75

14/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Optimization of Anisotropic Points: Results (4 dir.)



1

1

f (x)

1Pf (v)

?
0◦,90◦,16◦

(a) principal direction estimation

1 11

gradient descent
optimization

1 1

«converged»

(b) sampling point optimization

PTARGET(v)

S(x) ⟨PS(v)⟩

1

Pf (v)
1

⟨PS(v)⟩
1

Var(IN)

⊙ =

(c) improved variance

15/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Offline Path Tracing With Area Light Sampling



1

1

f (x)

1Pf (v)

1

1

1/16 2/16 1/16

2/16 4/16 2/16

1/16 2/16 1/16

∗

-1 0 1

-2 0 2

-1 0 1

∗

-1 -2 -1

0 0 0

1 2 1

∗

0° 45° 90° 135° 180°

edge histogram

von Mises-Fisher

1

(a) principal direction estimation

0° 45° 90° 135° 180° 225° 270° 315° 360°

rKL µ=89.8° κ=50.0
rKL µ=179.7° κ=50.0

1

0° 45° 90° 135° 180° 225° 270° 315° 360°

DKL(q(· | µ, κ = 50)∥p(·))

1

fit mean (µ) of von Mises-Fisher distribution(s)
mode-seeking objective:

reverse Kullback–Leibler divergence (DKL)

Pattern Recognition and Machine Learning p. 469 (Bishop, 2006), Kullback-Leibler Divergence (Kullback et al., 1951)
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direction estimation
higher-dimensional transport
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#Points #Frequencies
(length, width, blue noise) Optimization Time [min:s]
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(256,5,24) 00:17

213 = 8192 9169
(384,7,32) 00:52

214 = 16384 16099
(512,9,48) 02:49

215 = 32768 32708
(768,13,56) 10:45

216 = 65536 55741
(1024,17,64) 35:32
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Point Optimization Parameters and Timings
PyTorch + CUDA on NVIDIA RTX 5080



spectrum loss
Λ ⊂ Z2 user-specified target

Lspec(S) =
1
|Λ|

∑
ν∈Λ

||PS(ν)− PTARGET(ν)||2

sliced Wasserstein loss
A contains the low-energy directions (e.g., 0◦,90◦,16◦)

LSW1D(S,d) =
1
N
||sort(S · d)− DTARGET(d)||2

LSW(S) =
1
|A|

∑
d∈A

LSW1D(S,d)
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Loss Terms: Mathematical Details
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(b) LSW(S)
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(c) Lspec(S) + cLSW(S)

While LSW alone ensures correct marginal distributions of the points, it allows for clusters and holes to form in 2D (b).
Lspec alone ensures evenly, blue-noise-like distributed points in 2D and suppresses a set of selected frequencies
very effectively, but it cannot enforce directional stratification cheaply, and therefore fails to suppress increasingly
higher frequencies (a).
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Loss Terms: Visual Comparison
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Loss Terms: Quantitative Comparison
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Misalignment
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Increasing Number of Discontinuities
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Isotropic vs. Anisotropic
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Integrands Without Horizontal and Vertical Energies
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Principal Direction Estimation
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Results: Principal Direction Estimation
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Results: Principal Direction Estimation
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Results: Principal Direction Estimation



100 101 102 103 104 105
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

5.095 · 10−7

4.792 · 10−7

1.301 · 10−7

N = 216 = 65536

7.322 · 10−9

7.095 · 10−9

1.404 · 10−9

1

100 101 102 103 104 105

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

5.052 · 10−7

3.139 · 10−7

7.884 · 10−8

N = 216 = 65536

7.247 · 10−9

1.106 · 10−9

6.719 · 10−10

1

100 101 102 103 104 105

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

Var

-512 -256 0 256

N = 212 = 4096

4.862 · 10−7

1.399 · 10−7

7.165 · 10−8

N = 216 = 65536

7.407 · 10−9

6.382 · 10−10

2.465 · 10−10

1

38/21 Mirco Werner Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

Smoothed Discontinuities
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