(a) principal direction estimation

Do

/16 . -
- *
ﬁg
Prarcer(v) —l

gradient descent j
optimization

E.

=== edge histogram

von Mises-Fisher

ours ; pmj02bn ours pmj02bn
(aligned) (unaligned)  (aligned) (unaligned)

Optimized and Aligned Anisotropic
Monte Carlo Sampling Patterns

Mirco Werner, Johannes Hanika, and Carsten Dachsbacher
Karlsruhe Institute of Technology | EGSR 2026



Offline Monte Carlo Path Tracing: Direct lllumination

1 spp

AT



ffline Monte Carlo Path Tracing: Direct lllumination

1 spp reference

Mirco Werner  Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns




Paths From Random Numbers: Direct lllumination

path space P

m paths x = [Xy,X2] € P

area light sampling

| = /7> f(x)dx

hemisphere sampling
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Paths From Random Numbers: Direct lllumination
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Variance of (quasi-)Monte Carlo Integration
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Variance of (quasi-)Monte Carlo Integration
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Analyzing Variance of (quasi-)Monte Carlo Integration

S(x) f(x)

spatial domain

Fourier analysis of Monte Carlo integration (Pilleboue et al., 2015; Subr et al., 2013; Durand, 2011; Singh, Subr, et al., 2020)
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Analyzing Variance of (quasi-)Monte Carlo Integration
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Analyzing Variance of (quasi-)Monte Carlo Integration
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Discontinuous Integrands and Sampling Patterns

spatial domain

frequency domain
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Discontinuous Integrands and Sampling Patterns

g progressive multi-jittered (0,2) + blue noise
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Discontinuous Integrands and Sampling Patterns

progressive multi-jittered (0,2) + blue noise
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Aligning the Two Low-Energy Directions

Convergence Analysis for Anisotropic Monte Carlo Sampling Spectra (Singh and Jarosz, 2017)
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Aligning the Two Low-Energy Directions
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Convergence Analysis for Anisotropic Monte Carlo Sampling Spectra (Singh and Jarosz, 2017)
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Discontinuous Integrands and Sampling Patterns

progressive multi-jittered (0,2) + blue noise
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Optimization of Anisotropic Points

m goals
m suppress frequencies along multiple directions (stratification)
m suppress low frequencies (blue noise)

related work: Deep Point Correlation Design (Leimkihler et al., 2019), Sliced Optimal Transport Sampling (Paulin et al., 2020)
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Optimization of Anisotropic Points

———

Prarcer (V)

'
gradient descent j

optimization

«converged»

(Ps(v))
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m goals

m suppress low frequencies (blue noise)

m optimize locations of the points

L(S) = Lspec(S) + cLsu(S)

related work: Deep Point Correlation Design (Leimkihler et al., 2019), Sliced Optimal Transport Sampling (Paulin et al., 2020)
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Optimization of Anisotropic Points

m goals
m suppress frequencies along multiple directions (stratification)

m suppress low frequencies (blue noise)

Prareet (V) l

\4

_ m optimize locations of the points

gradient descent
OptimizatiOn L(S) = Lspec(S) + cLsu(S)
B Lspec(S)
<<converged » m spectrum loss
m MSE between current Ps(v) and target Prarcer(v) spectra
[ | ﬁsw(S)

m sliced Wasserstein loss (optimal transport)
m MSE between current and target point locations in 1D

<PS(V)> projections

& J
related work: Deep Point Correlation Design (Leimkihler et al., 2019), Sliced Optimal Transport Sampling (Paulin et al., 2020)
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Optimization of N Anisotropic Points
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Optimization of N Anisotropic Points
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Optimization of N=4096 Anisotropic Points
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Optimization of Anisotropic Points: Results (3 dir.)
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Optimization of Anisotropic Points: Results (3 dir.)
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Optimization of Anisotropic Points: Results (4 dir.)
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Optimization of Anisotropic Points: Results (4 dir.)
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Offline Path Tracing With Area Light Sampling
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Offline Path Tracing With Area Light Sampling

(a) principal direction estimation
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Offline Path Tracing With Area Light Sampling

(a) principal direction estimation

1/16 | 2/16 | /16

B3 216 | 4/16 | 2/16

1/16 | 2/16 | 1/16

von Mises-Fisher

AT



Offline Path Tracing With Area Light Sampling
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\

(a) principal direction estimation
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fit mean (u) of von Mises-Fisher distribution(s)
mode-seeking objective:
reverse Kullback—Leibler divergence (D)
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Pattern Recognition and Machine Learning p. 469 (Bishop, 2006), Kullback-Leibler Divergence (Kullback et al., 1951)
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Offline Path Tracing With Area Light Sampling

=== edge histogram

von Mises-Fisher
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Offline Path Tracing With Area Light Sampling

(a) principal direction estimation (b) sampling point optimization
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Offline Path Tracing With Area Light Sampling

(a) principal direction estimation (b) sampling point optimization
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Results: Var(/y), N=4096 spp, Area Light Sampling

I | x107°
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results for other scenes in the paper
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Hemisphere Sampling

spatial domain
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results (convergence plots) in the paper
Octahedron Environment Maps (Engelhardt et al., 2008)

20/21 Mirco Werner  Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns &‘(IT



Hemisphere Sampling

spatial domain

£
o
£
o |
>
|
0
-
o
0]
.
=

results (convergence plots) in the paper
Octahedron Environment Maps (Engelhardt et al., 2008)

20/21 Mirco Werner  Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns &‘(IT



Conclusion and Future Work

conclusion

m optimization of anisotropic sampling patterns (with
>2 low-energy directions)

m estimation of the orientation of discontinuities

= better convergence rate on 2D discontinuous
integrands (lower variance/error)

pmj02bn
(aligned) (unaligned)

ours
(aligned) * (unaligned)

(aligned) (unaligned)
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conclusion future work

m optimization of anisotropic sampling patterns (with
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= better convergence rate on 2D discontinuous
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m online point optimization

m reduce overhead (16-64 additional spp) for principal
direction estimation

m higher-dimensional transport
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Conclusion and Future Work

conclusion future work

m optimization of anisotropic sampling patterns (with
>2 low-energy directions)

m estimation of the orientation of discontinuities

= better convergence rate on 2D discontinuous
integrands (lower variance/error)

m online point optimization

m reduce overhead (16-64 additional spp) for principal
direction estimation

m higher-dimensional transport

ours k- pmj02bn
(aligned) * (unaligned)

ours pmj02bn
(aligned) (unaligned)
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Thank you!

21/21 Mirco Werner  Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns &‘(IT



References |

[1]
[2]

[3]

[4]

[5]

[6]

[7]

22/21

Christopher M Bishop. Pattern recognition and machine learning. Vol. 4. 4. Springer, 2006.

Per Christensen, Andrew Kensler, and Charlie Kilpatrick. “Progressive Multi-dittered Sample Sequences”. In:
Computer Graphics Forum 37.4 (2018), pp. 21-33. DOI: 10.1111/cgf.13472.

Fredo Durand. A frequency analysis of monte-carlo and other numerical integration schemes. Tech. rep.
MIT-CSAIL-TR-2011-052. MIT, 2011. URL: https://dspace.mit.edu/handle/1721.1/67677.

Thomas Engelhardt and Carsten Dachsbacher. “Octahedron Environment Maps”. In: Vision, Modeling, and
Visualization. 2008, pp. 383—388.

Solomon Kullback and Richard A Leibler. “On information and sufficiency”. In: The annals of mathematical statistics
22.1 (1951), pp. 79-86. URL: https://www.jstor.org/stable/2236703.

Thomas Leimkuhler, Gurprit Singh, Karol Myszkowski, et al. “Deep point correlation design”. In: ACM Trans. Graph.
38.6 (2019). DOI: 10.1145/3355089.3356562.

Lois Paulin, Nicolas Bonneel, David Coeurjolly, et al. “Sliced optimal transport sampling”. In: ACM Trans. Graph.
39.4 (2020). DOI: 10.1145/3386569.3392395.

Mirco Werner ~ Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns ﬂ(IT


https://doi.org/10.1111/cgf.13472
https://dspace.mit.edu/handle/1721.1/67677
https://www.jstor.org/stable/2236703
https://doi.org/10.1145/3355089.3356562
https://doi.org/10.1145/3386569.3392395

References |l

[8] Adrien Pilleboue, Gurprit Singh, David Coeurjolly, et al. “Variance analysis for Monte Carlo integration”. In: ACM
Trans. Graph. 34.4 (2015). DOI: 10.1145/2766930.

[9] Gurprit Singh and Wojciech Jarosz. “Convergence analysis for anisotropic monte carlo sampling spectra”. In: ACM
Trans. Graph. 36.4 (2017). DOI: 10.1145/3072959.3073656.

[10] Gurprit Singh, Kartic Subr, David Coeurjolly, et al. “Fourier Analysis of Correlated Monte Carlo Importance
Sampling”. In: Computer Graphics Forum 39.1 (2020), pp. 7-19. DOI: 10.1111/cgf.13613.

[11] Kartic Subr and Jan Kautz. “Fourier analysis of stochastic sampling strategies for assessing bias and variance in
integration”. In: ACM Trans. Graph. 32.4 (2013). DOI: 10.1145/2461912.2462013.

23/21 Mirco Werner  Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns &‘(IT


https://doi.org/10.1145/2766930
https://doi.org/10.1145/3072959.3073656
https://doi.org/10.1111/cgf.13613
https://doi.org/10.1145/2461912.2462013

Results: Var(/y), N=4096 spp, Area Light Sampling
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Results Var(lN) N 4096 spp, Area nght Sampling

e %108 fX) Pi(v)

0 1 2 3 4 5
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Point Optimization Parameters and Timings
PyTorch + CUDA on NVIDIA RTX 5080
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Mirco Werner

< oS (@ c)
51: N=4096

#Points (Iengtrﬁerv?gtl;Srl])?liJ%Snoise) Optimization Time [min:s]
212 _ 4096 (25“‘3?2?2 " 00:17
213 _ 8192 (38317 3?32) 00:52
214 _ 16384 (51120;28) 02:49
215 _ 30768 (76%?12?56) 10:45
216 _ 65536 05741 35:32

(1024,17,64)

oursi(:3idird)

N=8102

oursi(:3Xdird)]
N=16384

Optimized and Aligned Anisotropic Monte Carlo Sampling Patterns

S ours](31dir3) . sS(@dR)
N 32765 MR\ =6 55 36

AT



Loss Terms: Mathematical Detalls

m spectrum loss
m A C Z? user-specified target

Lspec( Z |Ps(v) — Prareer(v)]|?

m sliced Wasserstein loss
m A contains the low-energy directions (e.g., 0°,90°, 16°)

Lewin(S, d) = l||50rt( d) — Drapcer(d)|[?

Lsu(S) = Zﬁswm (S, d)
’A’ dcA
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Loss Terms: Visual Comparison

31120

és';'ék?'-"f'rfi‘ oy A NN e Y AN S o P U
iwvdesn -160-120 -80 -40 0 40 80 120

-160-120 -80 -40 80

-160-120 -80 40 0 40 80 120

(a) Lspec(S) (b) Lsw(S) (C) Lspec(S) + cLsw(S)

m While Lsy alone ensures correct marginal distributions of the points, it allows for clusters and holes to form in 2D (b).

B Lspec alone ensures evenly, blue-noise-like distributed points in 2D and suppresses a set of selected frequencies
very effectively, but it cannot enforce directional stratification cheaply, and therefore fails to suppress increasingly
higher frequencies (a).
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Loss Terms: Quantitative Comparison

N-L N1 NS NTRT N2 pmj02bn ours (3 dir., spec)
—@— random - ours (3 dir., spec+SW) ours (3 dir., SW)
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10°° 107
107 3| 107 LS
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4.965-1077 71881077 . 37441077 1077
10 2.086-1077 1 2.681-107° | 8 - 2,039 1077 107 N
1.377-1077 19391077 ) 1.408 - 1077 14231077 L
- -7 - -9 AN 57 -7 ) -10 AN
o W 1175-1077 M 1.334-10 W w0 W 12701077 M 9.984-10 n
10° 10! 10* 10* 10* 10° 10° 10" 10* 10° 10! 10°
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Misalignment

N717N71.257N71.5’N71.757N72

- ours (3 dir, 0°)

ours (3 dir., 2°)

- ours (3 dir., 4°)

- ours (3 dir, 6°)

—@— random ours (3 dir., 1°) ours (3 dir., 3°) ours (3 dir., 5°) ours (3 dir., 90°)
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10! 1074
1072 1024
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\::\:\\\\ \\‘\\\\
10 R 107
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Increasing Number of Discontinuities

Pr(v)

8192

N =16384 N
(Ps(v))

(Ps(v)

NN125N15N175N2
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=@— random

CIC00)
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Isotropic vs. Anisotropic

N—L N1 N-1S N7 -2 ~—®— random ours (0 dir., isotropic) 8- ours (2 dir.)
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Integrands Without Horizontal and Vertical Energies
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Principal Direction Estimation

¥ max u==384°
MLE 1=90.0° k=9.7
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Results: Principal Direction Estimation
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Results: Principal Direction Estimation
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Results: Principal Direction Estimation
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Smoothed Discontinuities

> o -8 | S
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