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A NEGATIVE RESULT ON LINEAR RECONSTRUCTIONS

Our bounded MESE reconstructs a bounded signal from trigonomet-
ric (0, 1)-moments in a non-linear fashion although the moments
themselves depend on the signal linearly. In the paper we motivate
this non-linear approach with a fundamental limitation of linear
reconstructions: Binning is the only linear reconstruction that pre-
serves non-negativity of signals. In the following, we formalize this
statement and provide a proof. Our formulation focuses on non-
negativity but if a constant function is part of the basis, it applies
equally to all other lower or upper bounds.

To avoid technicalities of functional analysis, we only consider
signals assigning a value to finitely many samples. With arbitrarily
high sample counts, all well-behaved signals can be approximated
to arbitrary accuracy, even those defined on a multi-dimensional
domain. Therefore, this simplification does not limit the significance
of our claim in practice.

Theorem A.1. LetD be a finite set and denote the space of functions
f: D—>RbyFE Letfy,..., fm—1 €F be a basis of a subspace of F
and fix a weighting function w € F with w > 0. Suppose that for all
f € Fwith f > 0, we also have Zj";)l yjfj = 0 where the coefficients

Yo, - - -» Ym—1 € R minimize the weighted least-squares error
m—1 2
D fx) - D yifi| - (A1)
xeD Jj=0
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Fig. A.1. Least-squares fits of f using a few possible bases gy, g1, g2-

Then we can find a basis go, . . ., gm-1 € F spanning the same space
as fo, . .., fm—1 using only non-negative functions 0 < go, ..., gm-1
with pairwise disjoint support.

In the modified basis, each function g; corresponds to one bin
and the weighted least-squares fit of f € F takes a simple form:

m-1 m-—1
, . ,  Zxep W(x)gj(x)f(x)
f = a: th = .
,Zo i ]Z;) B ST w0gh )

Disregarding the normalization factor, the optimal least-squares
weight y}’. just accumulates the function f over the support of g;,
weighted by wg;. Each basis function g; is weighted by y]f to obtain
the least-squares fit. This procedure is a weighted form of binning.
Although the computation to obtain the fit Zj"i?)l y; fj is different,
the fit is the same and it suffers from the same drawbacks.

In theory, each basis function g; may vary within its support and
the support may be any set. Figure A.1 gives a few examples of what
that means in practice. In Figure A.1a, g9 and g; have disconnected
support. Thus, the values of the fit at different locations become
dependent in a way that is usually undesirable. Figure A.1b uses
a differentiable basis but since the support of g, g1, g2 must be
disjoint, this goal can only be accomplished by approaching zero at
the boundary of the support. Therefore, the fit vanishes in locations
determined by the basis, not by the signal f. If we want to avoid
both issues, the natural choice is classical binning where gy, g1, g2
are disjoint box functions covering the entire domain D. Then the
fit is piecewise constant as shown in Figure A.1c.

Theorem A.1 tells us that fits resulting from binning approaches
are the only way to guarantee preservation of non-negativity. In
other words, ringing artifacts are all but specific to the Fourier basis.
Any basis that provides more sophisticated least-squares fits than
binning must also suffer from ringing.

The proof interprets the least-squares fit as orthogonal projector
with non-negative entries. Therefore, we prove two lemmata on
such projectors before we prove the theorem itself.
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Lemma A.2. LetQ = (qu

ie.Q=0" =02 with q; . > Oforall],k € {o,.
has rank one.

€ R™™ be an orthogonal projector,
,n—1}. Then Q

Proor. Forall k € {0,...,n — 1} denote the k-th canonical basis
vector by e, € R™. We consider a normalized column vector of Q:

1
Tk = o ek
27 0 95,k
Our goal is to prove that all r; are equal. To this end, let
2150 a5
j 0 1/,
Wik =Lk >0

] 0 4j.k
foralll € {0,...,n— 1}. Since Q is a projector, we obtain

-1

n—1 n
T 91,k
Tk =Qrg = Z Qereyry = Z o Qe = Z WLkTT-
1=0

1=0 jqu

Furthermore, the weights sum to one:

_ -1
n-l S0 X1y dj.19Lk Zj =0 Gk _
Z Wik = n— n—
=0 Z] oq]k ZJ oq]k
In other words, ry is a convex combination of r, ..., rp—1 using
positive weights only.
Let v € R™ and let j,k € {0,...,n — 1} such that
vTrj = min vTrl, VI = ax [
1e{o,..., n-1} le{o,..., n—-1}
Then we find
n—1 n—1
vTrk = Z wl,varl = wj,varj + Z wl’varl
=0 1=0,1#j
n—1
< wj oy + Z wi ko e = w vty + (1 - wj o .
1=0,1#j
T

The inequality implies v'r; > v'ry and thus vTrj = v'rg. Since
v € R" is arbitrary, we conclude that all r, must be equal. O

Lemma A.3. LetP = (p]k

withp; . > 0 forallj, k € {0, ...,n—1}. Then any two columns of P
are either linearly dependent or orthogonal.

€ R™™ be an orthogonal projector

Proor. We define a relation on index pairs j, k € {0,...,n—1}:
i~k = pir>0Vj=k

This relation is reflexive by definition and symmetric because P
is symmetric. It is also transitive because for all pairwise different
j.t,ke{0,...,n—1}:
n-1
Jrt At~k = 0<pjipri < ZPj,lPl,k =pjk = Jj~k
=0
In consequence, ~ is an equivalence relation and as such it partitions
{0,...,n — 1} into equivalence classes. Without loss of generality,
rows and columns of P are ordered such that the equivalence classes
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., Jjj41—1} withaclassindex ! € {0, ..., m—1} and starting
< jm = n. Then P is a block diagonal matrix

Qo
P =

are {jj, . .
indices 0 = jo < ...

Qm—l

with blocks Q; € RU1=/)%Ut17J1) because by definition of the
equivalence relation, entries p; ;. for non-equivalent index pairs
J.k €{0,...,n—1} must be zero. We distinguish two cases for each
block.

Case 1, Q; has a vanishing diagonal entry: Let k € {0,...,n— 1}
be the column index of the vanishing diagonal entry py ; = 0. Then

we know
n—1 n—1
_ _ _ 2
0=prx= Zpk,jpj,k = ij,k,
J=0 Jj=0

i.e. the whole column is zero. In particular, k is only equivalent to
itself and we conclude Q; = 0 € R™¥1,

Case 2, all diagonal entries of Q; are non-zero: Since all indices
within the equivalence class {jj,...,jj;+; — 1} are equivalent, all
entries of Q; are positive. Furthermore, Q; is still an orthogonal
projector because

Q Qo
P= =PT=p'= . .
T 2
Qm—l m—1
Applying Lemma A.2, we find that Q; has rank one.

Thus, two columns j, k € {0, ...,n—1} of P are linearly dependent
if j ~ k and orthogonal if they belong to two different classes. O

With these lemmata, we are prepared to prove the theorem.

Proor oF THEOREM A.1. Without loss of generality, the domain
isD = {0,...,n— 1}. We identify functions with weighted vectors
through the vectorspace isomorphism

y: F—R"
f = (Wwl) fe)nz}

Through this identification, the weighted least-squares error in
Equation (A.1) agrees with the squared 2-norm of R”. Then the
solution of the least-squares system in Equation (A.1) is given by

W0, ym-1)" = (ATAT'ATY(f)
where A := (¥(fo),. .., ¥(fin-1)) € R™™,

The matrix P := A(ATA)1AT € R™" is the orthogonal projector
mapping the vector y/(f) to its least-squares fit 1,0(2 y]f]) Let

k € {0,...,n— 1} and consider the function f € F w1th
1 .
if x = k,
f) = { Vo)
0 otherwise.

By construction, ¥/(f) = ey is the k-th canonical basis vector. Since
f = 0, we know /" !(Pe) > 0. It follows that all entries of P are
non-negative and therefore Lemma A.3 is applicable. If we pick a
basis among /! (Pey), .. .,y "!(Pey—1), it spans the same space as
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fo, - - -+ fm—1 and the basis functions are known to be pairwise or-
thogonal. Since they are also non-negative, they must have pairwise
disjoint support. O

B THE BOUNDED MESE

Our explanation of the bounded maximum entropy spectral estimate
(MESE) in the paper does not include proofs. We provide these in
the following sections in the order in which they are mentioned in

the paper.

B.1 The Fourier Coefficients of the Herglotz Kernel
The Herglotz transform is central to our derivation. To work with
it, we first have to derive its Fourier series.

Proposition B.1. The Fourier coefficients of the Herglotz kernel for
allj € Z andz € C with |z| < 1 are

2277 ifj <0,
exp(—ijp)dep = 11 ifj=0,

0 ifj > 0.

1 7 exp(ip)+z
2r J_n exp(ip) — z

Proor. Let ¢ € R and w := exp(ig). Then the claimed Fourier
series for the Herglotz kernel is:

-1 0 . o .
. z\J z\J
1+ 2277w =1+ 2(—) =-1+2 (—)
2. 2.2 (s 2,0
j=—00 Jj=1 j=0
1
=1+2—— =-1+2
1-% w-z
_2w—(w-z) w+z exp(ip)t+z
B w—2z T w-z  explip)—z

B.2 Reducing Bounded to Unbounded Problems

We show that for a continuous 27-periodic function g(¢) € [0, 1]

lim )WH[CJ](Z) =9(@)- (B.1)

z—exp(ip

Proor. For all z € C with |z| < 1 and ¢ € R, the real part of the
Herglotz kernel is a Poisson kernel:

explip) +z _ o, (exp(ip) + z)(exp(~ip) — 2)
exp(ip) — z | exp(iop) - z|?
_ R (1 - explip)z + exp(-ip)z — |z|%)
- |1~ zexp(~ig)|?
Ll /. 2P (p)

1 - zexp(-ig)|?
From Proposition B.1, it is evident that the Poisson kernel is normal-
ized, i.e. /_7; P.(p)de = 1.1t has its global maximum at ¢ = argz
and for |z| — 1, it localizes all of its mass in this maximum. Thus

lim RH[gl(z)= lim
z—exp(ig) z—exp(ip)

/_ " )9 dY = glp).

B.3 Exponential Moments

Next we prove the recurrence formula for exponential moments
using a technique of Roger Barnard [Gustafsson and Putinar, 2017,
p-12].

PrOOF OF PROPOSITION 2. Let the Fourier coefficients cj,y; € C
of the signals g(¢) € [0, 1] and d(¢) > 0 be defined for all j € Z. The
Herglotz transform is an inner product with the Herglotz kernel.
Using Proposition B.1, we can rewrite it as an inner product of the
Fourier transforms:

_'1 00
Higl)=co+2 ». Gz 7 =cp+2) ¢!
=

Jj=—o00
HId)(2) =yo+2 ) v
j=1

Thus, Equation (3) becomes

=ia + 2myp + 47 Z yjzj. (B.2)

(o)
: 1 i
exp| mi|co— o +220jzj
i=1 Jj=1

J
We define y; = ﬁa +1yo and ny := yj for all j € N to simplify the
right-hand side to 47 %32, v/ 2.
Now we take the derivative with respect to z on both sides and
rearrange terms:

d . IR S DA | R o N
8Zexp(m(co—2+2 4 Cz ))—4ﬂaZZyj2

k=1 j=0
(o) (e8] [oe]
o |4r Z yjz |2ni Z kepz" ' = an Z:jy;zj_1
j=0 k=1 j=0
o0 (o)
© 2rmi Z ky]{ckzﬁkf1 = ijjfzjfl
J.k=0 Jj=0
o [I-1 00
=3 ZHiZ (1 —j)yj'cl_j 1= Z:jy]fz]_1
1=0 \j=0 j=0

Hence, foralll e N
-1

2ri ) (L= jyjer—j =y,
=0

which implies Equation (7).
To obtain y;, we set z = 0 in Equation (B.2):

1 1 1
e"p(”"(“‘a)):"“””” = Yo':ae"p(”i(c‘)ﬁ))
]

B.4 Trigonometric Moments of the MESE

In this Section, we introduce a novel linear recurrence to compute
all trigonometric moments of the MESE. We begin by proving a
Lemma that performs the first step of this recurrence:
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Lemma B.2. Lety € C™" such that C(y) is positive definite. Let
q:=C Y (y)eo and let

1 m
Ym+1 = —— E Yigm+1—j-
q0 =

C—l Y en = q ecm+2.
)=

Furthermore, if f is the MESE fory,

et = 5 [ F@)explitn + Do) do

is the first unconstrained moment of the MESE.

Then

PROOF. Let v := 5= (yms1. . ... y1) € CXm*D) Then

1

E
( ) ( (C(y) v*) (q) _ (c<y)q)
Ym+1 2)’; 0 v
- = m+2
= (E (qoym+1 + ijl YJ‘Im+1—j)) =e €C"".

To prove that the extended Toeplitz matrix has full rank, we let
w = ﬁ()ﬁ, R }/m+1)T e C™*1 and denote the k-th canonical
basis vector by e, € C™*!. Then for all k € {0,...,m}

C( % )( 0 )_(2)/_701 w*)( 0 ) (wCl(y)ek)
ym+1) \C'er) ~ \w  C(n))\C7H(y)ex e

Since ey is also in the column span, the matrix must be regular. It is
even positive definite because by Cramer’s rule

det C(y) B . o
it £ e,C 1 ()/ Y+1) e = € (g) =qo = ¢,C 1(y)eo > 0.
detC( Y ) "
Ym+1

Now we consider the MESE for the moments yy, . . ., Ym+1:

efCc! ¥ e
0 (Ym+1) 0

w1 | Y c(p)
€C ! (Ym+1) (exp(i(m + l)q)))
_ 1 de _

2 igeof Y

Thus, the MESE fy,41 for yo, . .., ym+1 is identical to the MESE f
for yo, . .., ym. Since the (m + 1)-th Fourier coefficient of f,,4+1 is
Ym+1, the same is true for f. O

frusi(9) = 5

2

Now we formulate and prove the actual recurrence for the trigono-
metric moments of the MESE f.

Proposition B.3. Lety € C™"! and f as in Theorem 4. For allj € N
with j > m let

1 T
W:E/f@mﬁmw
v/
Then for all k € Ny

Ym+1+k = _q_ Z Vi+kqm+1-j (B.3)
j=1
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and for the sequence defined in this manner

Yo
-1 . _ 4 m+2+k
C : ey = (0) eC .
Ym+1+k
Proor. We proceed by induction over k.
Induction start, k = 0: The claim is proven by Lemma B.2.

Induction hypothesis: The claim holds for k — 1.
Induction step, k — 1 — k: According to the induction hypothesis

Yo
-1 . _ (4
C : ey = ( 0) .
Ym+k
Using this result with Lemma B.2, we have

m+k

Ym+1+k = — Z Vidm+1+k—j = —— Z Vi+k9m+1-j-
qo j=k+1

Applying the other part of Lemma B.2 we find

Yo 1o
c! . ey = c ) (q)
: ol
Ym+1+k Yr(;Hk

B.5 The Herglotz Transform of the MESE

We are now prepared to derive our novel algorithm for computing
the Herglotz transform of the MESE efficiently. First we derive a
less efficient method. Then we prove its equivalence to Algorithm 1
and thus our efficient method to evaluate the bounded MESE.

Proposition B.4. Lety and f as in Theorem 4. Let I be the identity
matrix and let

1 —
U := ——( 0 qol
qo \9m dm-1-"'"q1

Letyj € C denote the j-th Fourier coefficient of f for all j € Z. Then
forallk € Ny

) c mem‘

sk - oo Ymek) = UR(ra e ym) " (B.4)

Furthermore, for all z € C with |z| < 1
Hf)=) = yo+ 25z T=U) " (1o ym)

Proor. For k = 1, Equation (B.4) is merely a reformulation of
Equation (B.3). For greater k, it follows by induction.

Since U is the transposed companion matrix of a polynomial
[Golub and Van Loan, 2012, p. 382], its eigenvalues are solutions for
w € C of

_iw=0 = wht=0vV w =0.
Q4 Z qm-j Z qj

J=
The polynomial }; J"i o q_jwj only has roots with |w| > 1 [Peters et al.,
2015, Lemma 1] and therefore all eigenvalues of U have magnitude
less than one.
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Hence, we can apply the geometric series for matrices to zU.

Using Proposition B.1, we obtain:

HIf1(=z) = yo + Z 7227 = yo + 22 Z Visizt

Jj=—00
=y +2z Z egUk()/l, e ym) 2
k=0
= Yo + 2ze] (Z(zU)k Ve ¥m)"
k=0

= yo + 2zey(I — 20 Yy, .., )/m)T
=y + Zeg(z_ll - U)_l(yl, R ym)T
]

ProoF oF THEOREM 5. For alll € {0, ..., m}, the variable p; is a
polynomial evaluated at z~! using the Horner scheme:

m-—1 )
p=) gFtmec
j=0

m-1

Let
1 m ]
wi= — eC, v:i=|wz'- P e C™.
x5 ( S )
= = 1=0

Using notions from Proposition B.4, we want to prove that v solves
-Uw=@G1....ym)". (B.5)
Indeed, foralll € {0,...,m — 2}:

-1 -1
e?(z I-U =z "v;—vpq

1
_ Z ykzk_l_l — w1
k=1

I+1-1-1
=Y1+1%2 =Y+

Furthermore:

1+1

+ Z )/ka_l_l
k=1

m

_ _ 1
e;kn—l(z 7- U =z Yoot + % Z Vj-19m+1-j

S qz( : - S

k=1 j=1
- ;
1
e - B
=1
w m+1 m+1j-1
1-j 1+k—
=fm+— D qmi1-jz 7 - Z . amer-z Ky
90 3 i1 k=1
m+1j-1
1+k—
=t o= o D w2
Jj=1 k=1
1 om= k 1o m—j
Sfm+— >, D Gy = =3 N gty
9 = =0 9 550 k=1

=Ym

Thus, Equation (B.5) is proven. Using Proposition B.4, we conclude:

HIf1(z) = yo+ 265 T=U) (1o ym)|

) 2
=Yo+Zeov=Y0+2w=Yo+—ZPk}’k
Po i

Therefore, Algorithm 1 is correct.
Equation (5) gives us a density with the required properties, which
equals h(g):

27r‘H[f](z)) +

N | =

1

— arg (ioc + lim

7 z—exp(ip)

1 1
=—arg (4711'5)/6 + lim -

/4 2

z—exp(ig)

27r‘H[f](z)) +

= arg (2i3y; + HIf1(explip)) + 5 = h(p)

Note that the correctness proof of Algorithm 1 covers the limit case
|z| = 1. As an optimization, Algorithm 1 may exploit z7! = Z.

To prove that the log sin entropy is maximized, we utilize Propo-
sition 6. Let Ao, . .., A;; € C as in this Proposition. We observe that
log sin(rg) is a strictly concave function for all g € (0, 1):

% log sin(rg) = ﬂz:g:;)) = 7 cot(ng)
92 2

—1 i = 0

dg? og sin(rg) sin?(g) <

Thus, the log sin entropy is strictly concave as well and any critical
point constitutes a global maximum. Let u(p) € R be a 2z-periodic
perturbation that leaves the Fourier coefficients unchanged, i.e.

/ " w@el@)dp =0 € ™.

Let t > 0 such that h(p) + tu(p) € (0, 1) for all ¢ € R. We consider
the change of the log sin entropy as a function of t:

0
5. / log sin(z(h(p) + tu(p))) dg
- / % log sin((h(p) + tu(¢))) dg
v/ t=0

- / " cot(n(h(@))ulp) d

T m
:/ 7 cot (arctan (?’\/10 +2R Z Al exp(—il<p)) + %) u(p) de

T =1
T m
:/ -1 | R+ 2R Z}Ll exp(—ilp) | u(p)dp =0
r =1

Thus, h must be a critical point and consequently a global maximum.
m]

B.6 Computation of Lagrange Multipliers

We now derive novel formulas for the computation and use of La-
grange multipliers from the algorithm discussed in the previous
section.

ACM Trans. Graph., Vol. 38, No. 4, Article 136. Publication date: July 2019.



136:6 -«

PROOF OF PROPOSITION 6. Let z := exp(i¢). From the proof of
Theorem 5, we know

o E S gt
H[f1(=2) —Y0+p_OZ::PkYk =Yyo+2 TG
I I et
e et (p)g
Using Equation (B.1), we rewrite h(¢p) as
(o) — * = arctan 28y + IH[ f1(exp(ip))
Y73 HIf1(exp(ip))
= ret 2i3yg + H[ fl(exp(ip)) — RH[f](exp(i¢))
- e IRH[f1(exp(ip))
2i3yg + H[f1(exp(ip))
= arctan if((p) +1

The MESE may be written as

q0
flor= 2 C*((ﬂ)qq (o)’

As we combine the previous three equations, ¢*(¢)q cancels out:

mh(p) = 5

2 m—k

=arctan| —

+
:

m
2my5c (@0)g+ Y > aivkd | qgtelp) + i

1 j=0

k=
m m-— .
qjve? + Z Z 41 | g clp) + i

=arctan| —

m—k

2 m
=arctan| — Z qjY
=0 j=0

m m
1 r—_ _jtk—
=arctan| — i tem g
7iqo Z_: - Z_: Viclindi
k=0 j=0 n=0

z]+k “e(p) + i

m—k

The exponents on z range from —m to m. Since the sum is real, we
are dealing with a real Fourier series and it suffices to consider the
coeflicients for non-positive exponents on z. The sum of coefficients

for z7! with 1 € {0, ..., m} is exactly

—lm—-k-1

I
Yibdj+k+19j = A
0 Jj=0

S

1
miqo

~
Il

Hence, we have proven

h(p) — % = arctan (‘RAO +2R Z Alzl) .

I=1

B.7 Uncertainty Bounds

Kovalishina and Potapov [1982] have devised an inequality that
provides bounds on the Herglotz transform of a signal using solely
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Fig. B.1. Uncertainty bounds for all spectra of the X-Rite color checker using
m =7, r = 0.8 and mirroring (Equation (12)). The bounds are particularly
tight for spectra that are close to boundary cases, i.e. that use values near
zero or one on long intervals.

knowledge of its trigonometric moments. In Section B.2, we have
seen that the Poisson kernel and the Herglotz kernel are related by

P.(p) = exp(up) +z

21 exp(l(p) -z (B.6)

Hence, we can use their result to compute bounds on a bounded den-
sity smoothed through convolution with a Poisson kernel. Figure B.1
shows some results.

Before we prove the uncertainty bounds themselves, we introduce
a more general lemma on the Herglotz transform.

Lemma B.5. Letd(¢) > 0 be a periodic density with trigonometric
moments

T
ri= [ diotordp.
v/
Assume that C(y) is invertible. Let z € C \ {0} with |z| < 1 and

j m
1 C1_:
k=1 j=0

ip +b R (at)
b (C (1))

P& = B = e T by

a(z) := Zi( . bz) =

p(z) =
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Then the Herglotz transform H[d](z) lies in the disk

[H[d](2) - p2)|* < p(2).
This bound is sharp in the sense that H|[d|(z) may be arbitrarily close
to each point on the bounding circle.

Proor. The result is a special case of the fundamental matrix
inequality [Kovalishina and Potapov, 1982, p. 19], which has been
formulated by Karlsson and Georgiou [2013, Equation (22)]. O

Proposition B.6. Let g(¢) € [0, 1] be a bounded signal with trigono-
metric (0, 1)-moments

ci= /_ g(p)c(p) dp € M

Lety € C™! and Yo € C be as in Equations (6) and (7). Let z :=
rexp(ip) forr € (0,1) and p(z), p(z) as in Lemma B.5. Then we obtain
the following sharp bounds for the smoothed density Py * g:

1 - 1 1 . +pla)
Py g(p) — . arg(2i3yg + p(2)) - 5‘ < - arcsin |P[()Z)|

Proor. Combining Equation (3) and Equation (B.6) yields

(B.7)

RH|g](z) = —%‘,’Rilog (47i8yg + 2nH[d](=)) + %

1 , 1
= P * g(p) = ——arg (2iTyy + H[d](z)) + 3

By Lemma B.5, 2i3y; + H|[d](z) lies anywhere in the disk with
center 2iJy; + p(z) and radius \/@ Basic trigonometry reveals
that Equation (B.7) computes sharp bounds on the argument of
points in this disk. O

C COMPUTATION OF MOMENTS

In the paper we point out that trigonometric (0, 1)-moments must
be computed in a way that is guaranteed to compute the integral
of a signal bounded between zero and one. Considering that the
spectral domain is usually sampled with a fairly low sample count,
violating this rule may introduce significant errors. Therefore, we
propose to use linear interpolation and to compute the moments
exactly.

Suppose we are given phases ¢, ..., ¢n—1 € [—7, ] and corre-
sponding reflectance values gy, .. .,gn—1 € [0, 1]. The phases are

sorted and cover the entire range, i.e. 99 = —7 and @1 = 0 if
the signal is being mirrored and ¢,—1 = 7 otherwise. The linear
interpolant is a piecewise linear function. For all [ € {0,...,n — 2},
we define the gradient and y-intercept
ap = I I by = g1 —a19;.
P1+1 — @1

Then the interpolated signal for ¢ € (¢}, ¢;41] is
9(p) = ajp +by.
To compute trigonometric (0, 1)-moments, we consider the fol-
lowing indefinite integrals for all j € {1, ..., m}:
. i .
/ exp(=ijg) dg = ; exp(=ijg) +C

. 1+ijg .
/ @ exp(—ijo) do = 7 exp(=ijp) +C

Substituting in the expression for g(¢), we obtain:

T
o= e [ slorexpi-iio)d

1 22 pora
=0 [ e+ by expl-iig)do
1=0 7 ¥1

-2 .. .
1K 1+i Mt
=5 [(al—.zj(p + bll_) exp(—ijq))] eC
4 1=0 J J 1
For j = 0, the result is
n-2 n-2
1 P11 1 a Pr+1
cozz—Z/ al¢+bld(p=—2[—lw2+bl(p] e C.
2 2 2 01
1=0 v 1 1=0

If the signal is being mirrored, the j-th real trigonometric (0, 1)-
moment is given by 2Rc;.

When moments are computed for a whole texture, this formula
should only be evaluated once per pair j € {0,...,m} and [ €
{0,...,n — 1} with a spectrum where g; = 1 and all other values
are zero. The resulting clm+Dxn matrix maps vectors of samples
(g0, - - - ,gn,l)T to vectors of moments ¢ € C™*1,

For emission spectra, the same formulas may be used but a com-
mon discrete Fourier transform is an acceptable alternative since
the spectral densities do not obey an upper bound.
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